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Abstract

We approach discrete and differential Faa di Bruno formulas from a M&bius inversion angle. On
the Boolean cube, Newton’s discrete Taylor formula and the definition of iterated forward differences
form a zeta—Mobius dual pair, and composing two Taylor expansions and inverting once yields a
closed discrete Faa di Bruno formula at a fixed basepoint: for arbitrary maps f,g between abelian
groups,

A(fogiaiun,..o,w) = Y A(f; g(a); (Algasur))ren),

HeCov(k)

where Cov(k) denotes the coverings of [k] by nonempty subsets. Grouping repeated directions
gives binomial versions on multi-index grids, and iterating gives formulas for m-fold composites, with
integer covering coefficients governed by explicit cross and level recursions, a discrete analogue of the
Constantine—Savits formulas.

The relationship between coverings and partitions appearing in classical Faa di Bruno formulas,
is exhibited in an algebraic setting. The discrete formulas are Taylor expansions over the func-
tion algebra of the Boolean cube, By = Kk[61,...,x]/(67 — 6;), whose idempotent generators ab-
sorb overlapping products; in the differential analogue Ay = k[e1,...,ex]/(¢?), nilpotent generators
annihilate overlaps and only partitions remain. Both algebras are fibers of the flat deformation
Cr, = k[t][x1, ..., 2]/ (x? — tz;), over which a single weighted covering formula interpolates: its coef-
ficients are difference quotients, non-partition coverings carry positive powers of ¢, and evaluation at
t = 0 yields the classical partition-indexed Faa di Bruno formula.

We demonstrate how these algebraic identities can be lifted to the analytical setting of C™ maps
between Banach spaces, recovering the multivariate Faa di Bruno formula of Constantine-Savits
and extending it to composites of several maps. Boolean finite differences, binomial grid formulas,
infinitesimal Taylor algebras, and Fréchet derivatives thus appear as four realizations of one Mdbius-

dual Faa di Bruno formula, connected by a flat family.
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1 Introduction

We approach discrete and differential calculus from the point of view of Mébius inversion. The motivating
observation is elementary: the discrete Taylor formula is the M&bius inverse of the definition of iterated
forward differences. If g : X — Y is a map between abelian groups, then the values g(x + >, u;) for
S C [k] form a Boolean cube, and the forward difference

Algizsu,..ug) = Y (1) Blgle+ 3, gui)
SCIH

is exactly the Mobius transform of this cube. Newton’s finite Taylor formula is the inverse zeta expansion.

(1) Remark (Notation). We prefer explicit arguments over subscript notation, writing A(g; «; u) instead
of Ay,g(z). Semicolons and commas are both argument separators; we use semicolons as a visual hint
when arguments are of different kinds. Dropping trailing arguments denotes currying: A(g; «) is the map
u = Ag; x;u).

This observation extends without changing its nature from Boolean cubes to multi-index grids. Repeating
directions replaces subsets by slot sets and gives a binomial form of Mdbius inversion. Thus the discrete
Taylor formula and its higher multi-index versions are two instances of the same zeta/Mobius duality.

The same principle carries over to the differential setting once one works over an infinitesimal Taylor
algebra. The discrete calculus is algebra over the Boolean cube algebra By, = k[1, . .., %] /(62 —§;), whose
spectrum is the cube {0, 1}*, or over the grid algebra BY = K[d1,...,0k]/((6:;)v;+1) with falling-factorial
relations, whose natural module basis is the Newton basis (4;);. The infinitesimal analogues replace
idempotent relations by nilpotent ones: the Taylor algebra Ay = kle1,...,ex]/(¢?) and its truncation

AY =kle1,...,ex]/(VT!). We will see below that these are naturally expressed as two fibers of the same
flat deformation.

Working in A7, the Mébius duality transfers exactly from finite grids to infinitesimal grids. Evaluating
a polynomial map on the infinitesimal grid = + ), Bie;v; for 0 < B < v gives a Taylor expansion on the
zeta side, and the same alternating sieve extracts the differential monomials: in AJ,

DY(piaive)e” =y (=17 (;) p(z + Y Bicivi).

B<y
In this sense, the finite-difference and differential Taylor formulas are parallel Mébius-dual constructions:
finite grids give forward differences, infinitesimal grids give differentials.

This low-tech viewpoint becomes especially useful for composition. Our first result is a discrete Faa di
Bruno formula indexed by coverings, closed at the original basepoint.

(2) Theorem (Discrete Faa di Bruno). Let X,Y, Z be abelian groups, g : X =Y, f:Y — Z arbitrary
maps, x € X, and uy,...,ur € X. Then

A(fogimur,..oup) = Y Afig(@); (Alg; @ ur))ren),
HeCov(k)

where Cov(k) denotes the set of coverings of [k] by nonempty subsets.



The formula is exact and integral, closed at the original basepoint g(z), and uses only the original direction
increments A(g; x;ur). It follows by composing two discrete Taylor expansions and applying Boolean
Mobius inversion: the zeta side of the composite is trivially the composite of the zeta sides, and the
covering formula is its Mobius inverse.

For k = 2 there are five coverings of {1,2}. Writing y = ¢g(z) and gr = A(g; z;ur),

A(f o gsasur,uz) = A(f5 95915 92) + A(f3 95 912) + A(f5 9591, 912) + A(f3 95 92, 912) + Af5 95 915 92, 912)

partitions, weight 2 weight 3 weight 4

where the weight of a covering is the total size wt(H) = ) .y |T| of its blocks. Under the scaling
u; = tv;, a term of weight w is of order t*: dividing by ¢? and letting ¢ — 0, the three overlapping
coverings vanish and the two partition terms become the classical second-order chain rule D f-D?g(vq,vo)+
D?f(Dgwvy, Dgus). In general the covering counts 1,5,109, 32297, ... A003465 replace the Bell numbers
1,2,5,15,... A000110 of the smooth theory.

Traditionally, this identity is grouped differently. In the example above, every covering except the par-
tition {{1},{2}} contains the block {1,2}; the corresponding four terms constitute the finite Taylor
expansion of a single difference of f at the shifted basepoint y + g1 + g2, and are commonly contracted
into it:

A(fog; xyu,u2) = A(f; y3 91,92) + A5 v + 91 + 925 912),
{{1}.{2}} {{1,2}}

two terms instead of five, indexed by the partitions of {1,2}. Duarte and Torres [DT12] show that such
a contraction is always possible: the finite-difference chain rule can be written as a partition-indexed
sum with recursively shifted basepoints and corrected directions, and this is the direction in which the
theory has developed. The contracted formulas are compact and of high practical utility, but they are
not closed forms, and the basepoint shifts break the symmetry in the direction arguments, which makes
higher-composition questions for f,, o---o f; very difficult to approach. We argue that the expanded
fixed-basepoint covering form is the natural way to view the formula: it is closed and symmetric in
the directions, it carries the weight grading that governs the collapse to the classical chain rule, and it
generalizes directly.

The same construction iterates through composites of several maps and refines to multi-index grids, and
both coefficient systems of the resulting duality are explicit.

(3) Theorem (Iterated Faa di Bruno duality). Let X, EEN X1 ELNNNEN X be arbitrary maps between

abelian groups, x € Xo, directions us € Xo fors€ S, v € N5, and z = (fm o - o f1)(z). Then

Alfmo--ofisasud) = Y AN(fi, ., fns 25 us),

KeCovm,(S)

A(fmo--ofr;z;ul) = Z Covi (7, 6) A"(f1,- -+, fm @5 U ),
REMT(S)

(fmo---ofi)(x+ > vsus) =2+ Z Pow,, (7, &) A®(f1, -+, [ T Ua)s

REMT(S)

where Cov,,(S) is the set of m-fold iterated coverings of S, the binomial sums range over the m-fold
iterated multi-index sets M7(S) = My (MT7(S)), the iterated increments AX and A" are formed by
nesting inner differences as directions of outer differences, and Pow,, (v, &) and Cov,, (v, k) count m-fold
iterated subsets, respectively coverings, of the slot set S(vy) with profile k. The two coefficient systems are
Mébius inverses of each other in vy,
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Covp(y,k) = Y (~1)"0 =) (;) Pow,, (8, 1),

B<y

and both satisfy explicit level recursions in m.

The coeflicients are nonnegative integers, and no factorial denominators appear anywhere in the discrete
theory: all identities hold over arbitrary abelian groups, in any characteristic.

On the differential side, the same Taylor-composition argument produces the classical partition-indexed
Faa di Bruno formulas. The reason coverings become partitions is visible already in the multiplication
laws of the cube algebras. Idempotent generators absorb overlaps, nilpotent generators annihilate them:

0TV = 6T in B, TV =T [TAU =0] in A

A product of faces contributes to the top face exactly when the exponents cover [k]; in Ay only the
disjoint coverings contribute. Covering logic becomes partition logic.

The two multiplication laws are fibers of one family. Over k|[t], the deformation cube algebra

Crx =Kklt][z1, .. ., 1:;€]/(:cz2 —tx;), 25T = 50T VT

is free as a k[t]-module; its fiber at ¢ = 0 is the Taylor algebra Ay, and after inverting ¢ the rescaling
x; = td; identifies it with the Boolean cube algebra. Expanding p(x + ), v;x;) in the basis x° produces
coefficients cg(t) € k[t] that interpolate the two calculi:

t15 cs(t) = A(p; ; (tvy)ies), cs(0) = D(p; z;vs).

The two readings of cs(t) explain each other. Since Cj is free over k[t] with basis #°, the coefficients
cs(t) are polynomials in ¢ from the outset. Evaluating the expansion at the vertices of the rescaled
cube z; = t8;, 6 € {0,1}*, and applying Boolean Mébius inversion identifies ¢/Slcg(t) with the forward
difference A(p;x; (tv;)ies). Combining the two statements: the forward difference is divisible by ! in
k[t], the difference quotient cg(¢) is itself a polynomial in ¢, and its value at ¢ = 0, computed in the fiber
Ay, is the derivative. The passage from difference quotients to derivatives is thus a divisibility statement
about polynomials in ¢, rather than an analytic limit. Composing two such expansions yields a single
Faa di Bruno identity over k[t], indexed by coverings and weighted by overlap:

[z[k]] (fog)(x+ > viz;) = Z tWHH)—k FdBg (t),
HeCov(k)

where FdBy () is the covering term formed from difference quotients. At ¢ = 1 this is the discrete covering
formula; at ¢ = 0 every overlapping covering vanishes and the classical partition formula remains, as in the
k = 2 example above. The covering and partition Faa di Bruno formulas are one identity, evaluated at two
fibers. The grid algebras deform in the same way, via C} = k[t][z1,. .. ,xk}/(H]”:O(xl —jt):1<i<k)
with its Newton basis: in this family, Newton interpolation degenerates literally to Taylor expansion.

For polynomial maps q : k¢ — k%, p : k% — k, the special fiber gives the classical partition form [Lev06]

D(pogiwivg) = Y.  D(p;q(); (D(g;7;v5)) per)-
wePart([k])

Grouping repeated directions gives the Constantine-Savits multi-index formula [CS96]. Iterating the
construction gives an iterated Constantine—Savits formula for m-fold composites with recursive partition
coefficients Part,, (v, ).

These polynomial identities lift to the Banach setting. For C™ maps between Banach spaces, the Taylor
jet of a composite agrees up to order n with the composite of the individual Taylor jets:



T"(fmo--ofi;2) = 7<n(T" (fm; Tm—1) 0 -+ o T"(f1; 20)).

Since the partition Faa di Bruno formulas are polynomial coefficient identities, they apply directly to
these Taylor jets and therefore to any C™ composite. In the polynomial setting, the deformation is
precisely the passage to the limit of difference quotients: scaling the increments by ¢, the non-partition
terms of the discrete covering formula carry positive powers of ¢ and vanish as ¢ — 0, while the partition
terms specialize to their smooth counterparts (35).

Putting things together, we obtain the following generalization of Constantine-Savits to Banach spaces
and iterated multi-indices.

(4) Theorem (Fréchet iterated Faa di Bruno / recursive Constantine—Savits). Let Xo, ..., X, be Banach
spaces, let fr: X,—1 — X, be C™ near x,_1, and put xg = x, x, = fr.(x,.—_1). Fiz directions vy, ..., v €
Xo and let v € NE with 1 < |y| <n. Then

DY (fmo---0 f1;m; ve) = Z Part,, (v, k) D*(f1,..., fm; T; ve),
KEMT (k)

where Part,, (7, k) counts m-fold partitions of the slot set S(7y) with profile k. Writing leaf(\) € NE for
the leaf multi-index of A, obtained by recursively summing the leaves of A with multiplicity, the coefficients
vanish unless ), k() leaf(\) =, and satisfy the closed recursion Parti(y, ) = 0y, and, for m > 2,

Part, (v, k) = 3 H (a‘ . Partml(mﬁ)) .
CBemTNs)
a=leaf(B)

For m = 2 this is the Constantine—Savits coefficient Parta(y, k) = y!/(k! Hﬂ(ﬂl)"(ﬁ)).

A final section collects five short applications of the discrete calculus, among them discrete and Fréchet
product rules, governed by ordered coverings and ordered partitions respectively, and an easy proof that
polynomial maps between abelian groups are closed under composition, with deg(f o g) < deg f - degg.
The paper is accompanied by a software package, available on GitHub, containing symbolic expansions
and validations of the covering formula (degree 4, ca. 2 - 105 terms) and of the Duarte-Torres recursion
(degree 10, ca. 115,000 terms).

Taken together: Boolean finite differences, binomial grid formulas, infinitesimal Taylor algebras, and
Fréchet derivatives are four fibers of one Mobius-dual Taylor calculus.

1.1 Related work

The closest discrete predecessor is the formula of Duarte and Torres [DT12], and the present work grew
out of an attempt to understand their dense and insightful paper properly, and to repackage its results in
a more functorial form. Their discrete Faa di Bruno formula is indexed by partitions and uses recursively
shifted basepoints and corrected directions; the covering formula in this paper writes all terms at the
original basepoint g(z) and is indexed by coverings of the direction set. The covering formula is fully
expanded at the original basepoint g(z); the Duarte-Torres formula is best understood as a grouping of
the same terms by shifted basepoint, collecting all covering contributions that share a common recursively
shifted evaluation point into a single partition-indexed term. Thus the two approaches describe the same
finite-difference chain rule in different coordinates: Duarte—Torres gives a compact recursive partition
formula with shifted basepoints and corrected directions, whereas the present paper gives a closed fixed-
basepoint covering formula.

A second neighboring literature is the divided-difference form of Faa di Bruno. Floater and Lyche [FLO7]
derive chain rules for divided differences [to,...,t,] of univariate functions, organized by the linear order
of interpolation nodes; related divided-difference forms were obtained by Wang and Wang [WWO06] and
extended by Xu and Wang [XW10]. Our finite-difference formula is cubical rather than linearly ordered:
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it concerns A(g; x; uq,. .., ux) at one basepoint with independent directions, and its natural combinatorics
is that of coverings of [k]. In the univariate equal-step case, normalized forward differences are divided
differences on a uniform grid, so the two settings meet after specialization. The deformation cube makes
this connection explicit: the coefficients cg(t) of the family Cj are precisely difference quotients that
extend through ¢t = 0 to derivatives. A general calculus built directly on such scaled difference-quotient
maps has been developed by Bertram, Glockner, and Neeb [BGN04]; our flat family can be read as a
polynomial, higher-order companion to their first-order framework.

On the smooth side, the multi-index Faa di Bruno formula of Constantine and Savits [CS96] is one of the
main targets recovered here. Our infinitesimal Taylor algebra A} gives a direct Mobius-dual derivation of
their coefficients from the square-free partition formula by grouping repeated directions; closely related
bookkeeping between multi-indices and partitions of multisets appears in Hardy [Har06]. The slot-set
construction S(v) provides a uniform way to pass between partition formulas and multi-index formulas.
Iterated one-dimensional Faa di Bruno formulas have been studied through higher-order Bell polynomials
by Natalini and Ricci [NRO4]; the iterated formula in this paper gives a multivariate version for m-fold
composites with recursively defined partition coefficients.

The finite-difference operators used here also belong to the older theory of cross-effects and polynomial
maps. The alternating expression A(g;x;uq,...,ur) is the k-fold deviation or cross-effect of a map
between abelian groups, in the sense of Eilenberg and Mac Lane [EL54]. Vanishing of sufficiently high
differences is the classical finite-difference characterization of polynomial operations, going back to Mazur
and Orlicz [MO34] and appearing in later work such as Leibman’s theory of polynomial mappings of groups
[Lei02]; in the different setting of functors between abelian categories, Bauer, Johnson, Osborne, Riehl,
and Tebbe [BJOT18] prove a categorified higher-order chain rule for cross-effects, where equalities are
replaced by chain homotopy equivalences and similar combinatorics governs the resulting Faa di Bruno
decomposition. The present paper works entirely at the level of maps between abelian groups, where the
covering Faa di Bruno formula is an explicit, exact chain rule for cross-effects; as a corollary, polynomial
maps are closed under composition with deg(f o g) < deg f - degg (42).

Finally, Faa di Bruno formulas have a rich algebraic life in coalgebras, Hopf algebras, and incidence
algebras, beginning with work of Joni and Rota [JR79] and surveyed from several viewpoints by Frabetti
and Manchon [FM14]. The present paper does not develop the Hopf-algebraic formalism. Instead, it uses
ordinary Mobius inversion on Boolean and multi-index grids, together with the cube algebras By, Ag,
and their deformation Cf.

2 Mobius inversion

Moébius inversion generalizes the elementary principle that individual terms of a sum can be extracted via
alternating differences. In its general form, it applies to any locally finite partially ordered set (see [Stall]
for the general theory). In this text we need it for Boolean lattices of subsets, and for the componentwise
partial order on multi-indices.

We write [n] = {1,...,n}, P(S) for the power set of a finite set S, P, (S) = P(S) \ {0} for the set of
nonempty subsets, and P(n) for P([n]). Note |P(k)| = 2¥. We think of maps a : P(S) — X as cubes in
X with 2/5! vertices a(T') for T C S and legs a({i}).

(5) Proposition (Boolean Mobius inversion). Let G be an abelian group. For a cube a : P(k) — G, set

((a;8):= > a(T),  p(a;8):= > (~)I¥=Tla(m).

TCS TCS

Then ¢ and p define inverse bijections on Map(P(k), G).

Proof. Exchange summation order and use (1 — 1)!51 = ZTQS(—1)|S|_|T| =dg9-



(6) Definition (Multi-indices and slot sets). o A multi-index on a finite set S is a map « : S — Ny,
i.e. an element of NOS . The componentwise partial order is 8 < « iff f5 < ay for all s.

o The weight is |a] = wt(a) = >, g as, the height is ht(a) = max,cg .

o The factorial is o! = [],cgas!, the falling factorial is (a)s = [[,cq(as)s, where (n), = n(n —
He-(n—r+1).

e A Boolean realization of a € N§ is a set S(a) = {(s,i) : s € 9, 0 < i < a,} with canonical projection
m:S(a) = S.

o The fiber measure of a map ¢ : S’ — S of finite sets is v(q) € N5, v(q)s = |¢~*(s)|. In particular
v(r) = a and |S'| = wt(v(q)).

e We embed P(S) = Nj by U + 1p7; the image consists of multi-indices of height < 1, and S(1y7) = U.

We think of maps A : N§ — X as grids in X. The points A(17) for T'C S form the coordinate cube; the
remaining points A(a) for ht(a) > 1 fill the interior of the grid.

We define binomial Mobius inversion via the Boolean realization of multi-indices.

(7) Proposition (Binomial Mobius inversion). Let G be an abelian group. For a map A : N§ — G and
a €NS, let Ay = Aov:P(S(0)) L NS 2 G. Set

((A0) = C(AuiS0) = 3 D2 48),  p(A0) = p(Aa; S(0) = 3 (-1 (D5 45

! !
Bl A Bl A

Then ¢ and p define inverse bijections on Map(Ng, @), extending the Boolean case.

Proof. The number of subsets T' C S(a) with v(T) = -, giving the explicit sums. For the inversion,
observe that the cube A, = Aov satisfies ((A)o = ((Aq ) for T C S(«) with v(T') = 3, the restriction of
A, to P(T) is the realization of Ag on T, hence ((An;T) = > pep A(v(R)) = ((A; §). Applying Boolean

Mébius inversion (5) to A, on P(S(a)): u(CA;a) = u((CA)a; S(@)) = u(C(Aq); (a)) = A,(S(a)) =
A(a), and symmetrically for (u. Alternatively, exchange summation order, use (g)( ) (O‘)( ) to
decouple, and apply the multi-index binomial theorem (1 — 1)* = f<a Wt(ﬁ) (g)

O

3 Discrete Mobius calculus

This section develops the composition calculus of forward differences for arbitrary maps between abelian
groups: Taylor duality, the covering Faa di Bruno formula, and their iterated and binomial refinements
with the coefficient systems Pow,,, and Cov,,. All identities are exact with integer coefficients. Every
formula evaluates maps only at the points 4 ), g u;, so the domain may in fact be any commutative
monoid; we state results for abelian groups and use monoid domains such as Ny in the applications.

3.1 Taylor duality

(8) Definition (Forward differences and translations). Let X,Y be abelian groups, g : X - Y, z € X,
and directions ue = (u1,...,ux) € X¥. The iterated forward difference and the iterated translation are:

Algimsue) = > (=D Slga+ Y cqu),  T(gaue) = glo + Yi ).
SCIH

For S C [k], write us = (u;)ics. As A is invariant under permutation of directions, we can define:

A5 (g m3ue) i= A(g; 3 us), T5(g;23ue) i= gz + > cqi)-



Xy X

For o € N&, write ud = (u*?, -y uy, “*) for the direction list with u; repeated «; times. Then:

A% (giasue) = Agiziud) = DD G g4 f), T (g aina) = gl + T,

B<a

where we grouped the 2!¢/ Boolean terms of A(g; x;u$) by profile.

(9) Proposition (Taylor duality). Let X,Y be abelian groups, g : X =Y, x € X, ue = (uy,...,u;) €
Xk andy = g(x).

1) Boolean Taylor duality.

g+ u) =y+ Y, Algzus),  Algizud) = Y (D) gl@+ Y, qu).

0£SC[k] SC[k]

2) Binomial Taylor duality. For a € N§:

gz + X jcius) =y + Z ,ﬁ Algizsul),  Algizud) =Y (=1l (@)s g9z + S Bius).
0<p<e s B<a A
Proof. 1) The second identity is the definition of A. The first is its Boolean Mébius inverse (5).
2) The second identity is the grouped form of A* (8). The first is its Binomial Mobius inverse (7).

3.2 Faa di Bruno duality

Write P4 (k) for the set of nonempty subsets of [k], P2 (k) = P4 (P (k)) for the set of nonempty families
of such subsets, and Cov(k) = {H € P1(k) | UH = [k]} for the set of all coverings of [k] by nonempty
subsets.

(10) Theorem (Discrete Faa di Bruno Duality). Let X,Y, Z be abelian groups, g : X =Y, f:Y = Z
arbitrary maps, © € X, uy,...,ur € X. Writey = g(xz) and z = f(y). Then:

1) Boolean Faa di Bruno (k > 1):

A(fogimue) = > A(f;y; (Alg; wiur))ren)-
HeCov(k)

2) Boolean Taylor composition:

(fog)z+Xiw) =2+ Y A(f;y;(Algizsur))ren).

HeP3 (k)

Proof. 2) Write gr := A(g; z;ur). By Taylor duality (9), T'(g; z;us) = y+ > ypcs 9r- Applying Taylor
duality to f at y in directions (gr)rep, (5) gives T'(f o g;x;us) = 2 + ZHePi(S) A(f;y; (97)Ten).

3) Define ©(S) = 3" yecov(s) A3 95 (97)ren). By Mébius inversion (5), it suffices to show ((¢;5) =
T(fog;x;us)=z. Indeed, ((¢; 5) = Xopcs Zomecovr) D395 (9r)ren) = Xpepz sy A5 y; (97)Tem),
since each H € Pi (S) appears in exactly one summand, namely the one for R = |J H. Now apply
part 2.

O



(11) Remark (Binomial Faa di Bruno). The Boolean Faa di Bruno formula extends naturally to a
binomial version in terms of multi-indices v € N5, by applying the Boolean formula to the slot set S(v)
and grouping by profile. The resulting expression resembles the Constantine-Savits form [CS96]; the
precise coefficients and a recursive version are given in (18) below.

3.3 Iterated Faa di Bruno

The Boolean Fad di Bruno formula extends to m-fold compositions, indexed by Cov,, (k). We first set
up the combinatorial apparatus: higher power sets, higher multi-indices, and higher partitions.

(12) Definition (Higher power sets and coverings). Recall that P(S) is the power set and P4 (S) =
P(S) \ {0} the set of nonempty subsets.

o The higher power sets are P(S) = S, PL(S) = P4 (S), and P%(S) := Py (P (S)) for r > 2.

o For K € PI(S), the leaf support leaf(K) C S is defined recursively: leaf(K) := K for r = 1 and
leaf(K') := |J ¢ leaf(L) for r > 2.

o We say K covers S if leaf(K) = S, and write Cov,.(S5) := {K € PL(S) | leaf(K) = S} for the set of

r-fold coverings.
For S = [k], we write P (k) and Cov,.(k).

(13) Definition (Higher multi-indices). For a set S, let M(S) be the set of finitely supported maps
S — N, and M, (S) = M(S) \ {0}. For finite S, M(S) = Nj.

o The iterated multiset sets are M9 (S) = S, ML(S) = M, (S), and M T1(S) = M4 (M7, (S)) for
r>1.

o For k € M".(S) with 7 > 1, the support is Supp(r) == {\ € M'71(S) : k() > 0}.

e The leaf multi-index leaf(k) € N§ is defined recursively: leaf(a) := a for 7 = 1 and leaf(x) :=
2 xesupp(x) F(A) leaf(A) for r > 2.

The higher profile map v : PT(S(y)) — M™(S) is defined recursively: v(T) € N§ for m = 1 as in (6),
and v(K)(\) :=#{L € K : v(L) = A} for m > 2.

The embedding P4 (S) — M(S) via T +— 17 extends to P} (S) — M. (S) at every level: the Boolean
case is the height-one restriction of the multi-index iteration.

(14) Definition (Higher partitions). e A partition of a finite set S is a set @ = {By,...,B;} of
nonempty pairwise disjoint subsets with By L---U B, = S. Write Part(S) for the set of partitions and
Part(k) for Part([k]).

o Higher partitions are defined recursively: Party(S) = {S}, and for m > 1, Part,,11(S) := {{Hp}Bexr |
7 € Part(S), Hp € Part,,(B)}. For m = 2, Party(.S) = Part(.5).

o The weight of H € P (S) is wt(H) := |H| for r = 1 and wt(H) := ),y wt(K) for r > 2.

o A multi-index partition of v € N is an iterated multi-index £ € M7 (S) with leaf(x) = v; we write
K . For m = 2 this is a multiset x of nonzero multi-indices with 35 x(8) 8 = 7.

(15) Lemma (Weight bound). For any covering H € Cov,.(S) with r > 1, wt(H) > |S|, with equality if
and only if H € Part,.(S5).

Proof. For r = 1: Covy(S) = Part1(S) = {S} and wt(S) = [S|. For r = 2: wt(H) = > ey |T| >
|[UH| = |S]|, with equality iff the blocks are pairwise disjoint. For r > 3: by induction, wt(H) =
Yoken WHE) > Y gep|leaf(K)| > |S|, with equality iff each K € Part,_j(leaf(K)) and the leaf
supports partition S.

O

(16) Definition (Iterated increments). Let X EEN X1 ELNRNELN X, be maps between abelian groups,
z € Xo, u: S — X a direction family, and z, = (f. o--- o f1)(z).

1) Boolean iterated increments. For r = 1 and T € P, (S), set AT(f1; x; u) := A(f1; x; up). For r > 2
and K € P (S), define recursively:



AK(fl, ces fry s u) = A(fr; Te—1; (AL(fl,...,f,«_l; T u))Lek)-

2) Binomial iterated increments. For r = 1 and oo € M (5), set A¥(f1; ;3 u) := A(f1; z; u®) (8). For
r > 2 and k € M. (S5), define recursively:

AS(fry o fry ) = A(fps meo1; (AN frm1s 25 0) ") csupp(n))s
where for each A with x()\) > 0, the direction A*(...) appears x(\) times. The Boolean case is recovered
by restriction to P’ (S) C M'.(S).

(17) Lemma (Profile invariance). Let v € N§, let u: S — X be a direction family, and equip S() with
the slot directions wo . Then for every K € PT'(S(v)),

AR(fryoo o fs s uom) = AP (1000 fs 2 ).

Proof. For m = 1 and T C S(v), the direction list (ur(s))ter is @ permutation of w1, so the claim is
permutation invariance of A (8). For m > 2, apply the induction hypothesis to each L € K: AL = AV,
In the outer difference, x()\) of the directions equal A*, which is the defining expression for A¥(%),

O

(18) Theorem (Iterated Faa di Bruno). Let X, f—1> X1 f—2> f—> X be arbitrary maps between

abelian groups, x € X, and z = (fmo---o f1)(x). Let S be a finite set, u: S — Xo a family of directions,
and v € N§; write us = (us)ses, and u” for the family with each ug repeated s times. For S = [k] this
recovers the tuple notation ue = (u1,...,ux).

1) Boolean Faa di Bruno (S # 0):

A(fmo---o f1; 25 ug) = Z AK(fl,...,fm;x;u).

KeCov,, (S)

2) Binomial Faa di Bruno:
A(fmo--wofrsmu)) =Y Covi(y, k) A%(fr,- -, fms i 0),
KEMT(S)

where Covy, (v, k) = #{K € Cov,,(S(7)) : ¥(K) = Kk} counts m-fold coverings of S(vy) with profile k.

3) Boolean Taylor composition:

(fmo o f)@+ Y equs) =2+ > AN(fi, o fos 25 0).

KeP(S)

4) Binomial Taylor composition:
(fmo---ofl)(x—FZS’ySUS)=z+ Z POWm(’YaH)AK(flw-~:fm§x§u)a
KEMT(S)
where Pow, (v, k) = #{K € PT(S(7)) : v(K) = K} counts m-fold iterated subsets of S(vy) with profile k.

Proof. 3) By induction on m. The cases m = 1 and m = 2 are (9) and (10). Write F = f,, 0---0 fi,
F'= fm_10-0fi, 2= (fro--0f1)(x), and dg := AX(f1,..., fm—1; 2; u) for K € PT71(S). The
induction hypothesis gives F'(z + > g Us) = Tm—1 + ZKG'PT—I(S) dx. Applying Taylor duality (9)
to fm at x;,—1 in directions dg:

10



F(l‘ + Zsesus) =Tm + Z A(fm; Tm—1; (dK)KEH)~
HeP(PT1(S))

Since P (P 1(S)) = P7(S) and A(fm; Tm—1; (dx)xen) = A(f1,..., fm; 73 u) by (16), this com-

pletes the induction.

1) Define o(R) = > pecov,.(r) AH for R C S. By Mobius inversion, it suffices to show ((p; R) =
T(F;z;ur) — 2. Indeed, C(¢; R) = Yo r Ymecov @) A = ZHQDKL(R) A since each H € PT'(R)
covers exactly @ = leaf(H). Now apply part 3.

2,4) Apply parts 1,3 to S(v). By profile invariance (17), AX depends only on the profile kK = v(K), so

grouping gives »_  Cov,, (v, k) A" for the FdB side and ), Pow,, (v, k) A" for the Taylor side.

O

(19) Proposition (Newton coeflicient recursion). For a € M (S) and k € M7 (S) with m > 2:

Powi(r.0) = D2 Bowa(y.x) :% 11 ((1)!a) -

al’ !
aeSupp(k)

1
Pow,, (7, k) = =l H (Powm—1(75 A)) s (n)-
’ AESupp(k)

Proof. For m = 1: Powy(y,a) =#{T C S(y) : v(T) = a} = M counting subsets with profile a.

al
For m > 2: an element K € PT(S(7)) is a nonempty set of elements of P7*~'(S(v)). The profile
r € M (S) records k() = #{elements of K with profile A}. Since the elements are chosen as a set (no
repeats) from Pow,,_1(v,\) available elements with profile A, the count is [T, (Pow,,—1(v, A))xn)/6(N).

(20) Proposition (Covering coefficient recursion).

Covi (7, a) = 0y, Cova(v,k) = Z(_l)wt(v—ﬁ)m 1 H ((/6)(1) 7
() w(a)

Bl k! al
By a€ESupp

and generally, for m > 2:

1) Cross recursion (Cov,, from Pow,,):

Covon (7, k) = Z(-l)wt(v*m% Pow,, (3, ).

By

2) Level recursion (Cov,, from Covy,_1):

_ _1\wt(y=8) (7)5l (B)a
Covin(v,5) = Y (=)0 Al 11 > o Covm—i(a@, )
B<~y )\ESUPP(K) a<p I{()\)

Proof. 1) An element K € PT'(S(y)) with profile x has leaf support leaf(K) C S(v). Each sub-

s
B!

such subsets. Hence Pow,,(v,k) = > 5., ('g),ﬁ Covyn (8, k). Binomial Mobius inversion (7) gives
Covin (7, 7) = L (=1)" 0= G Pown (5, ).
2) Substitute the Newton recursion (19) Pow,, (3, k) = & [T, (Powy,—1(8,A))x(y) into 1), then replace

Powm_1(8,A) =>_ <5 (i)!" Covy—1(a, A), which is the zeta inverse of 1) at level m — 1.

set R C S(y) with v(R) = B supports Cov,,(8, k) coverings with profile x, and there are
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4 Polynomial Mdobius calculus

This section passes from the discrete setting to the differential setting on polynomial rings. The discrete
formulas of the previous section are algebra over the Boolean cube algebra By; the differential formulas
are algebra over the infinitesimal Taylor algebra Ay. A flat deformation family C} interpolates between
them. The key objects (Taylor—-Mo6bius duality, Faa di Bruno by composition, and the Constantine—Savits
coefficients) all transfer from By to Ay with A replaced by D and coverings replaced by partitions.

Throughout this section, let k be a commutative ring. The square-free results ((32) at v = 1, (33), (25),
(35)) hold over any k; the binomial refinements require Q C k for the factorial denominators.

4.1 Taylor algebras

(21) Definition (Taylor algebras). For v € N4, define:

BZ = ﬂ([él, ey (5k]/((5i)yi+1, AZ = k[&h e ,Ek]/<E;’i+1).
Here (8;)y,+1 = 0;(0; — 1) - - (8; — ;) is the falling factorial, and relations carrying a free index 4 generate
one relation for each 1 < i < k. We call B} the grid algebra (for Q C k, the function algebra on the finite
grid [[,{0,...,v;}; for v = 1 this holds over any k) and A} the Taylor algebra (its infinitesimal version).

(22) Example (v =1). For v = (1,...,1), the relations simplify to 67 = §; and £? = 0. Write By = B}
and A, = A}. Both are free of rank 2* with basis 6% := [[;.¢d; resp. €% := [[,cg&; for S C [k]. The
multiplication rules are:

i€S

o 5567 = 69T in By, (idempotent: overlaps absorbed).
ST

o 95T =5V if SNT =0, and %7 = 0 otherwise, in Ay (nilpotent: overlapping products vanish).

A product 671 ... §Tr = §T1YUTe contributes to the top face 6¥ exactly when T3 U --- U T, = [k], i.e. a
covering. A product €™ ---¢T» is nonzero only when the 7T} are pairwise disjoint, i.e. a partition.

4.2 Taylor—Mobius duality

(23) Proposition (Boolean Taylor-Mébius duality). Let p € k[yi,...,vy4], * € k%, and vy, ..., v € k%,
In By:

TCS

pla+ Y 0w) = > Alpzivs) 6, Alpaivg) 6% = (=) p(a + 3, pdim9).
SC[k]
In Ak.‘

plz+ X Em:) = Z D(p;z;vs) e’, e® D(p;z;vs) = Z (_1)‘S|_|T| p(z+ ZieT5ivi)~
SClk] TCS

Here D(p; z;vs) denotes the €°-coefficient of p(x+ Y, vig;) in A; this agrees with the iterated directional
derivative when k O Q.

Proof. In By: expand p(x + ), 0;v;) = > gCs 8% in the free basis. The branch maps pr : §; — Licr
give p(x + > ,crvi) = D gcr Cs; Boolean Mobius inversion (5) gives cs = A(p;z;vs). The Mobius
identity is the same inversion applied inside By: the right side is Srcs(D)S T pla + 3, 7 6iv) =
Sreg(=D)ISIEITIS L er 6% = cg 8%, In Ay: the e5-coefficient is D(p; x;vg) by the multinomial the-
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orem; the Mobius identity says the same alternating sieve recovers differentials from infinitesimal grid
evaluations.

O

(24) Proposition (Binomial Taylor-Mébius duality). Let p € K[y, ...,v4], = € k%, and vy, ..., v € k.
In BY:

()5

Wp(l’ + 2_iBivi).-

Pt S = Y LA (B AN = Y0 (1)

0<a<v B<a

In AY:

pla+YEv) = > $ D(piwsve)e®, &/ DY(pimivg) = (—1)"H) ®)s (z + 2, Bigivi).

— P
!
0<a<v B<v A

Here D*(p; x;ve) := D(p; x; v3®), the square-free D applied to the slot realization (8). By the multinomial
theorem, a![e®]p(x + Y, &v;) = D(p;a;v8®); when Q C k, both sides equal the iterated directional
derivative (Dg} -+ Dykp)(z).

Proof. In By: the branch maps pg : B} — k send 6; — f; for 0 < g < v. Since pg((80)a) = (B)a,
the expansion coefficients are determined by binomial Mébius inversion (7), giving A®/al. The Mdbius
identity is the definition of A®.

In A}: the expansion gives D*/a! as the ¢*-coefficient by the multinomial theorem. For the Mobius
identity: the coefficient of D*¢®/a! in the alternating sum is [, A (2*)(0), which annihilates o; < v;
and gives ;! at oy = v;.

O

4.3 Faa di Bruno duality

(25) Theorem (Boolean Faa di Bruno). Let q : k¢ — k¢ and p : k? — k be polynomials, x € k¢,
V1,..., 0k €KE, and y = q(x).

Apogimivw) = > Apsy; (Alg w5 0r))ren),
HCPy ([k])

J H=[K)

Dpogzow) = Y. Dpiy;(D(q;2;v8))Bex)-
wePart([k])

Proof. Write qp := A(g; z;vp) for § # T C [k]. By cubical Taylor (23), g(x + >, d;v;) =y + ZMT qr o’
in By,. Since (67)%? = 67, the map d7 + 67 defines an algebra map B; — By, where [ = 2¥ — 1. Applying
cubical Taylor to p at y in the [ directions g via this map:

(pog)(z+X6w) =ply+Srars’) = > D> Ay (er)ren) .

SCIk] HCP- (S)

JH=5

Extracting [0[*]] gives the Bj formula: the covering condition |JH = [k] comes from 67t -..67r =
6T1U-“UTT.

13



The same argument in Ag: since (¢7)? = 0, the map e + &7 defines 4; — Ag. Now et ...cTr =0
unless the T; are pairwise disjoint, so coverings reduce to partitions.

O

(26) Remark. The By, formula is the algebraic form of the discrete Faa di Bruno (10). Since B ® Y =
Map({0,1}*,Y") and arbitrary maps act vertexwise, the By, proof above is the same proof as (10) expressed
in the coordinate ring of the cube.

4.4 Tterated Faa di Bruno

(27) Proposition (Binomial Faa di Bruno / Constantine-Savits). Let q : k® — k% and p : k% — k be
polynomials, * € k®, vy,...,v, €k®, y = q(z), and v € NE:

")/! « K&
D(pog; z;v57) = ZWD@; y; (D(g; w5 01®)35).

Ky

Proof. Apply the A Faa di Bruno (25) to S(v) with |v| directions where v; is repeated ; times. Since
interchanging repeated copies of v; does not change D we group partitions by their multi-index profile
%. The number of partitions with profile x is Parta(y, k) = 71/(k! [, (a!)(¥)).

O
(28) Definition (Iterated differentials). For polynomial maps fi, ..., fm with f, : k-1 — k" z € ki,

v1,...,vp €Ek% and x, = (fro---of1)(z), define the iterated differential for k € M7 (k): D(f1; z; ve) =
D(f1; x; v3®) for m =1, and for m > 2:

D (f1,.. .\ fms @3 e) = D(fim; Tm-15 (D (1, frn-13 75 ve) " ™) \c8upp(s))-
For H € Part,, (k) withm > 2, set D (f1,..., fom; 5 ve) := D(fm; m—1; (DE(f1,. ..\ fon—1; T3 Ve))Ler)-

(29) Proposition (Iterated infinitesimal Faa di Bruno). Let fi,..., fin be polynomial maps as above,
2 =Ty, and v € NE.

1) Boolean Faa di Bruno:

D(me"'Ofl;iE; Uo): Z DH(fla"'afm;x; Uo)-

H ePart,, (k)

2) Binomial Faa di Bruno:

DY(fmo--ofi;asve) = Party(y,5) D*(fi,..., fmi 23 va),
nGMT(k)

where Part,, (v, k) := #{H € Part,,(S(v)) : v(H) = k} is the partition grouping coefficient.

Proof. 1) Evaluate f,,,0- - -0 f1 on the infinitesimal cube in A, by composing m Taylor—-Mébius expansions.
The nilpotent multiplication e’ - --£T» = 0 unless the T} are pairwise disjoint forces partition logic at
each level, so only higher partitions H € Part,, (k) contribute. Reading off the elF_component gives
the scalar identity.

2) Apply part 1 to S(v) with || directions where v; is repeated ~; times. Since D depends only on the
profile k = v(H), we group the m-fold partitions of S(v) by profile. The number of m-fold partitions
with profile x is Part,, (7, k).

O
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(30) Proposition (Partition coefficient recursion). Part,, (v, k) = 0 unless k F v, and Part1(y, &) = 0,4
For m > 2 and k = v, the coefficients satisfy the level recursion

Part,, (v, k) = a H (a' - Part,,—1 (o, ﬂ)) .
CpeMTTIS) N
a=leaf(B)

The first closed cases are

w(B)

! —Kk(«x ' 1 —[b(a
Parta(r.k) = 5 [[ (@)@, Parts(rm =T [ |5 [[ (@)™

" aeM(9) CBEMZ(S) T aeMy(9)

All products here and below are finite, since only factors indexed by the iterated supports of k differ from
1.

Proof. The leaves of an m-fold partition H € Part,,(B) of a block B C S() partition B, so leaf(v(H)) =
v(B) by induction on m. In particular, Part,,_;(leaf(8),3) is the only nonvanishing evaluation of
Part,,—1(+, 8), and the profile of an m-fold partition of S(v) is a multi-index partition of ~.

For the recursion, an m-fold partition with profile x is built in two independent steps. First, partition
S(7) into blocks matched with the elements of the multiset x, where a block matched with S has type
leaf(f3); there are v!/(x! [[5 (leaf (8)1)*) such matched partitions. Second, equip each block matched
with 8 with an (m—1)-fold partition of profile 3, in Part,,_1(leaf(3), 8) ways.

O

4.5 Faa di Bruno deformation

The two Taylor algebras By and Aj are fibers of a flat deformation over k[t]. The deformation construction
carries over mutatis mutandis to the iterated and binomial settings via the grid algebra C}; we present
the Boolean two-map case here, since it is the least notation-heavy and already contains the essential
mechanism.

(31) Definition (Deformation cube algebra). For v € NE define:

Cy =k[t)[xr, ..., a) [ ([T (@i — jt) = 1<i < k).

For v = 1, write C, = C}; the relation 2? = tx; gives x%27 = ¢/S7T1z5VT,

contribute; at t = 0 only partitions remain.

At t = 1 all coverings

(32) Lemma (Flatness and fibers). CY is a free k[t]-module of rank [],(vi +1). In particular, C} is flat
over K[t], with fibers

Cy/(t) = AL, Cy/(t—1) = By.

Proof. The relations [[;"(z; — jt) = 0 are monic of degree v; + 1 in x;, so C} is free over k[t] with
monomial basis {x® : 0 < o < v}. The fiber identifications follow by substituting ¢ = 0 and ¢ = 1.

O
(33) Proposition (Taylor-Mobius duality in Cy). Let p € klyi,...,ya], = € k%, and vy, ..., v € k?.
Ezpand p(x + 32, vixi) = Y g ¢s(t) x% in Cy. Then

es(l) = o A (idies), es(0) = D(pi;vs).
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The coefficients cs(t) lie in k[t]; in particular, A(p; z;tv, ..., toy) is divisible by t* in K[t].

Proof. Write p(z+ Y, viz;) = Y. gcs 2® in Cy (free over k[t] with basis ). In the generic fiber Cy[t 1],
set §; = t~'z;, so 62 = &;. The branch maps pr : §; — Lier give pr(p(z + >, viz;)) = p(z + Y ier tvi).
Since pr(z%) = 151 . 15cr, Boolean Mébius inversion (5) gives t/Slcg(t) = ZTQS(—l)‘S"'T'p(x +
Siertvi) = A(p;x; (tv;)ies), hence cs(t) = t715I A(p;x; (tv;)ies). Since cs € k[t] (freeness), the di-
visibility follows, and ¢s(0) = D(p; x; vs) by definition.

O

(34) Lemma (Multilinear part of the mixed difference). For a polynomial p, a pointy, and w1, ..., w, €
ke

A(p; y; eqwy, ..., eqwy) = D(p; y; wy, ..., w,.) elr] in A,
In particular, the multilinear part of A(p;y; we) in (w1,...,w,) equals D(p;y;w.).

Proof. This is the A, Mébius display of (23) applied at y with directions w,: the left side is the alternat-
ing sum ZTg[r](fl)”*m p(y + X er €jw;), and the elrl_coefficient of p(y + >_j€jw;) is D(piy; we) by
definition. Substituting w; — ¢;w; retains exactly the multilinear monomials of A(p;y;w,), since 5? =0.

O

(35) Theorem (Faa di Bruno deformation). Let ¢ : k® — k? and p : k% — k be polynomials, x € k¢,
v1,...,05 €KC, and y = q(z). Write cs(t) for the x°-coefficient of (po q)(z + >, viz;) € Cx. Then

s =g D Ay (Algs w (twier)ren),  esO)= Y Dpiy; (D(g; 75 vp))pen)-
HCPL(S) wePart(S)

JH=s

Each covering summand is divisible by t¥*) (since A(q; x; (tvy)ier) is divisible by t1T1), so cs € k[t]. At
t =0, only the coverings with wt(H) = |S|, namely the partitions, contribute.

Proof. By (33) applied to the composite (extending scalars to k[t]), cs(t) = =151 A(p o q; x; (tvy)ies)-
The discrete covering formula (10), applied over k[t] with increments (tv;)ies € k[t]¢, expands this as
=I5l > mecov(s) A; y; (Ag; @3 (tvi)ier))ren). Each inner increment is divisible by 71 by (33); write
A(g; z; (tv)r) = t1T1gp(t) with gr € k[t] and Gr(0) = D(q;x;vr). As a polynomial in (wy,...,w,) €
(k%)", the mixed difference A(p;y;ws,...,w,) vanishes on every hyperplane w; = 0, so each of its
monomials contains at least one factor from each wj; substituting w; = t‘TJ“(jT]. (t) therefore extracts
[Trent™ = t"*UD . Hence cg(t) € k[t]. At ¢t = 0, terms with wt(H) > |S| vanish; the remaining
terms have wt(H) = |S|, i.e. H is a partition (15). For a partition 7w with blocks By,..., B, the
m-summand is A(p; y; (t‘Bﬂ(ij (t));); by the multilinear-part lemma (34), the multilinear monomials
contribute t2- 1Bl D(p; v (B, (1));) = t1ID(p; y; (B, (t));), while all higher monomials contribute above
order |S|. Dividing by t/°! and setting ¢t = 0 gives D(p; y; (D(q; z; vB))Bex), since §p(0) = D(q;z;vp)
(33).

O

5 Fréchet Mobius calculus

The only analytic input needed to pass from polynomial maps to C™ maps between Banach spaces is
that a C™ composite is computed by its Taylor polynomials up to order n; this is (36), proved in [Har25].
Everything else is the polynomial calculus of the previous section applied to jets.
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The polynomial calculus of the previous section extends verbatim to polynomial maps between k-modules,
and in particular to continuous polynomial maps between Banach spaces: the proofs use only base change
along k — AY, which extends canonically to symmetric multilinear maps, and the branch maps pg act
on the e-variables only, never on coordinates of the target.

Let Xo,...,X,, be Banach spaces and let f, : X,_1 — X, be C™ near the relevant basepoints. Put
2o = x and z, = fr(z,—1). We write T"(f,;x,—1) for the order-n Taylor polynomial of f. at z,_1,
regarded as a polynomial map on X,._;. For a C™ map f, the mixed directional derivative D*(f; x; ve) :=
Dlelf(z) [P, ... v2*] agrees with D (T"(f;x);x;ve) for |a| < n; the iterated differential D for x €
M (k) is defined by the same recursion as (28), applied to the Taylor jets. Every x with Part,, (y,x) # 0
satisfies k F 7, so the sum in (37) is finite and only derivatives of order < |y| < n occur.

(36) Proposition (Taylor composition for Fréchet maps). For C™ maps between Banach spaces,

T"(fmo---ofi;2)= WSH(Tn(fm; Tmo1)o---oT"(f1; w0)),

where <, denotes truncation to total degree at most n.

Proof. Write f. = P.+ R, where P, = T"(f,;x,_1) is the Taylor polynomial and R, is the Peano residual
with R,(h) = o(]|h||™). Substituting into the composite and expanding, every term containing at least
one factor of R, is o(||h||™), so the Taylor jet of the composite up to order n agrees with the truncated
composite of the Taylor polynomials. Details are given in [Har25].

O

Thus the Taylor—-M&bius duality and Faa di Bruno formulas of the previous section, which are identities
for polynomial maps proved via the infinitesimal grid in A}, apply directly to the Taylor jets of C™ maps.

(37) Theorem (Fréchet iterated Faa di Bruno / recursive Constantine-Savits). Let Xo,..., X,, be
Banach spaces, let f. : X,—1 — X, be C™ near x,_1, and put xo = x, x, = fr(xr—1), 2 = Tp. Fix
directions vy, ..., v € Xo and let v € NE with 1 < |y| < n.

1) Taylor composition:

el
(fmo-o fi)@+Xtw) =2+ Y, = Party(v,5) D*(fr, -, fmi @5 vs) + o([t]").
o<lyl<n "
REMT (k)

2) Faa di Bruno:

DY (fmo---0 f1; x5 ve) = Z Party, (v, &) D*(f1, .-, fm; T; ve).
KEMT (k)

Here D" is the recursive iterated differential (28) and Part,, (v, k) is the partition grouping coefficient

(30).

Proof. By Taylor composition (36), F(z+h) = m<p(Ppo---oPy)(z+h)+o(||h||"), where P, = T™(fy;2,-1)
are polynomial maps between Banach spaces. The polynomial Faa di Bruno (29), which applies to
polynomial maps between modules, gives 2) for the composite of the Taylor jets. For 1), restrict to
h =3, tyv; with ||| < C|t], so o(||h||") = o(]t|™); expanding the truncated polynomial composite in ¢
by binomial Taylor—-Mé&bius duality (24) and inserting 2) gives the stated formula.

O

(38) Corollary (Multivariate Taylor formula, [Lan93)). For a single C™ map f : X — Y between Banach
spaces, x € X, and v1,...,v; € X:
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flot St = F@)+ 3 LD a5 ) + o)

1<[al<n
(39) Corollary (Constantine—Savits, [CS96]). For two C™ maps f1 : Xo — X1, fo: X1 — Xo between
Banach spaces, © € Xo, v1 = f1(x), and v € NE with |y| < n:

|

D(fao fi; a3 037) = 7 D(fo; 21; (D(f1; a5 02X®)) XK@,

w! TLL ()@

(40) Corollary (Univariate Faa di Bruno). For C™ functions f,g : R — R, the Constantine—Savits
formula (39) with k =1 and v = n gives:

Ky

. k.
" n! 99 (x)\™
(fog)™(z) = Z mf(kl+ Fhn) (g(z)) H ( j!( )> .
k142ko+-+nk,=n Jj=1
k; >0

This is the classical Faa di Bruno formula in Bell polynomial form.

6 Applications

Each section exercises a different face of the covering calculus: a combinatorial self-count, a degree bound
for polynomial maps between abelian groups, a composition law for Newton and Mahler coefficients, and
a fast algorithm for composing discrete jets. The final section on product rules is a complement rather
than an application: the same M6bius mechanism run for products instead of composites.

6.1 Self-enumeration

(41) Proposition (Covering counts). Let g : Ng — Z, g(x) =2 —1 and f : Ng = Z, f(y) =2Y. Then

(Cov(k)| = jé(_m—j (’;) )21,

Proof. Every increment equals 1: A/g(0) =1 for j > 1 and APf(0) =1 for p > 1 at y = g(0) = 0. The
covering formula (10) gives A¥(f o ¢)(0) = > mecov(k) 1 = |Cov(k)|. The Newton expansion of the left
side gives the stated identity.

O
The covering formula counts its own terms, the exact discrete parallel of the classical fact that e —!
counts partitions (Bell numbers): exponential maps are the group-like elements where every increment is
1, and each formula enumerates its own index set.

| k=1 k=2 k=3 k=4 k=5
|Cov (k)] 1 5 109 32297 2,147,321,017
|Part(k)| = By 1 2 5 15 52

6.2 Degree bound for polynomial maps

A map g : X — Y between abelian groups is polynomial of degree < d if A4*1g = 0 (see [MO34], [Lei02]).

(42) Corollary. If g : X — Y is polynomial of degree < d and f :Y — Z is polynomial of degree < e,
then f o g is polynomial of degree < ed.

18



Proof. In the covering formula (10), the H-term involves AlPlf (vanishing for |H| > e) applied to
directions AlTlg (vanishing for |T| > d). A covering with |H| < e blocks of size |T| < d satisfies
k< ren Tl < ed

O

6.3 Newton—Mahler composition

For g : Ng — Z with Newton coefficients b; = A7g(0) and any f : Z — Y, the binomial covering formula
(18) with v = n and unit increments gives the Newton coefficients of f o g in terms of the Newton
coefficients of g and finite differences of f at g(0):

A™(fog)(0)= Z Cova(n, k) A(f; g(0); (bj)jxm(j))7

where the sum runs over all k with Cova(n, k) # 0 (finitely many). Since Mahler’s theorem identifies
continuous maps Z, — Z, with convergent Newton series (b,, — 0 p-adically), the same formula computes
Mabhler coefficients of composites of continuous p-adic maps.

6.4 Discrete jet composition

The fixed-basepoint property makes discrete jets composable without re-evaluation. A discrete k-jet of
g at x in directions u, is the table (A(g;x;ur))rcp of 2% forward differences. Given this table, the
discrete jet of f o g is computed in three steps:

1. Zeta (sum up): recover the 2 vertex values g(x + > ;. u;) from the differences by discrete Taylor

(9).
2. Ewvaluate: apply f pointwise to get (f o g)(x + >_;cgui) for all S C [k].
3. Mbébius (alternate): extract the differences A(f o g;x;ug) by the alternating sieve.

Steps 1 and 3 are the fast zeta and Mobius transforms on {0, 1}*, each costing O(k - 2F) operations. The
total cost is O(k-2F), polynomial in the jet size 2¥. The covering formula is what this algorithm produces
when expanded algebraically; the zeta/Mdobius factorization is the efficient implementation.

6.5 Product rules

(43) Theorem (Discrete product rule). Let X be an abelian group, A an associative algebra, and
fi,-o s fr: X > A Forx € X and uy,...,u, € X:

1) Boolean product rule:

Alfr frsmug,un) = Y A(fisaug) - Alfrzsug,).
Ji,...,JrCln]
J1U~”UJ7~:[71/]

2) Boolean Taylor product rule:
i e+ S = S Alfswsun) - Alfiaiu,).

The sum in 1) runs over all ordered coverings (J1,...,J.) of [n]: the J, may overlap, and empty J, are
allowed. Part 2) is the product of Taylor expansions. The binomial versions follow by applying 1,2) to

S()-

Proof. By discrete Taylor (9), fo(2 + 3 ;c5ui) =5 cs Alfa; x5 u,,). Substituting into the alternating
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sum for fi --- f, and expanding the product gives:

Alfr frimun,un) = > (D) A zwg,) - Alfes 2 u,)-
Jl,...,J,.g[n]
SDJ1U--UJ

Exchanging the order of summation, a fixed tuple (Ji,...,J.) € P([n])" appears in the S-summand
exactly when J; U---UJ,. C S. Setting M = [n]\ (J; U---UJ,), the sign sum is ZRQM(—1)|M‘_|R| =
(1 —1)IMI: thisis 1 if J; U---UJ. = [n] and 0 otherwise.

O

(44) Theorem (Fréchet product rule). Let X,Y be Banach spaces, A a Banach algebra, and f1,..., f, :
X — A be C™ near x, withm > k. For vy,...,vp € X:

1) Boolean product rule:

D(f1-- fr;z;0p)) = Z D(fi;x505,) - D(friz307,).

Jiu---UJr=[k]

2) Boolean Taylor product rule: the square-free part of the order-n Taylor polynomial of t — (f1--- fr)(z+
Zle tﬂ}i) ZS

> D(fiiwivg) - D(frswvg, )t
JiU---1J,.C[K]

3) Binomial product rule: For v € N& with |y| < n:
!
D(fy frimwi) = Y e D(frmvi®) - D(frs a0,

Qi Ol
artotap=y L "

4) Binomial Taylor product rule:

ot tan
(fref)@+ St = Y ———— D(fr;;07™) -+ D(frs;02") + o([t").
ar! oyl
A1y >0
o+ +ar|<n
The sum in 1) runs over all ordered partitions (J1,...,J,.) of [k]: the J, are pairwise disjoint and empty

Jo are allowed. This is the discrete product rule with coverings replaced by partitions.

Proof. By Taylor composition (36), the coefficients of the product f; - - f. up to order n agree with those
of the product of Taylor polynomials. For polynomials, the result follows from the discrete product rule
applied in the Taylor algebra Aj: since €’ ---¢/7 = 0 unless the J, are pairwise disjoint, the ordered
coverings of the discrete rule reduce to ordered partitions.

m
7 Acknowledgements

We thank Duarte and Torres for their wonderfully dense paper [DT12], which inspired this work, and for
sharing the source code accompanying their formula.

20



References

[BGNO4]

[BJO*18]

[CS96]

[DT12]

[EL54]

[FLO7]

[FM14]

[Har06]

[Har25)

[JR79]

[Lan93]

[Lei02]

[Lev06)

[MO34]

[NRO4]

[Stall]

[WWO06]

[XW10]

Wolfgang Bertram, Helge Glockner, and Karl-Hermann Neeb. Differential calculus over general
base fields and rings. Ezpositiones Mathematicae, 22:213-282, 2004.

Kristine Bauer, Brenda Johnson, Christina Osborne, Emily Riehl, and Amelia Tebbe. Direc-
tional derivatives and higher order chain rules for abelian functor calculus. Topology and its
Applications, 235:375-427, 2018.

Gregory M. Constantine and Thomas H. Savits. A multivariate Faa di Bruno formula with
applications. Transactions of the American Mathematical Society, 348(2):503-520, 1996. URL
https://www.ams.org/journals/tran/1996-348-02/S0002-9947-96-01501-2/.

P. Duarte and M. J. Torres. A discrete Faa di Bruno’s formula. Contributions to Discrete
Mathematics, 7(2):72-83, 2012. URL https://doi.org/10.55016/0js/cdm.v7i2.62119.

Samuel Eilenberg and Saunders Mac Lane. On the groups H(II,n), II: Methods of computa-
tion. Annals of Mathematics, 60:49-139, 1954.

Michael S. Floater and Tom Lyche. Two chain rules for divided differences and Faaa di Bruno’s
formula. Mathematics of Computation, 76(258):867-877, 2007. URL https://doi.org/10.1090/
S0025-5718-06-01916-8.

Alessandra Frabetti and Dominique Manchon. Five interpretations of Faaa di Bruno’s formula,
2014. URL https://arxiv.org/abs/1402.5551.

Michael Hardy. Combinatorics of partial derivatives. FElectronic Journal of Combina-
torics, 13:Research Paper 1, 2006. URL https://www.combinatorics.org/ojs/index.php/eljc/
article/view/v13ilrl.

Heinrich Hartmann. Faa di Bruno is Taylor composition, 2025. URL https://arxiv.org/abs/
2606.26133.

S. A. Joni and G.-C. Rota. Coalgebras and bialgebras in combinatorics. Studies in Applied
Mathematics, 61:93-139, 1979.

Serge Lang. Real and Functional Analysis, volume 142 of Graduate Texts in Mathemat-
ics. Springer, New York, 3rd edition, 1993. URL https://link.springer.com/book/10.1007/
978-1-4612-0897-6.

Alexander Leibman. Polynomial mappings of groups. Israel Journal of Mathematics, 129:29—
60, 2002.

Eliahu Levy. Why do partitions occur in Faa di Bruno’s chain rule for higher derivatives?,
2006. arXiv preprint. URL https://arxiv.org/abs/math/0602183.

Stanistaw Mazur and Wladystaw Orlicz. Grundlegende Eigenschaften der polynomischen Op-
erationen. Studia Mathematica, 5:50-68, 1934. URL https://doi.org/10.4064/sm-5-1-50-68.

Pierpaolo Natalini and Paolo Emilio Ricci. An extension of the Bell polynomials. Computers
& Mathematics with Applications, 47:719-725, 2004.

Richard P. Stanley. Enumerative Combinatorics, volume 1 of Cambridge Studies in Advanced
Mathematics. Cambridge University Press, 2 edition, 2011.

Weiping Wang and Tianming Wang. On the divided difference form of Faa di Bruno’s formula.
Journal of Computational Mathematics, 24:553-560, 2006.

Aimin Xu and Chuanqging Wang. Some extensions of Faa di Bruno’s formula with divided
differences. Computers € Mathematics with Applications, 59:2047-2052, 2010.

21


https://www.ams.org/journals/tran/1996-348-02/S0002-9947-96-01501-2/
https://doi.org/10.55016/ojs/cdm.v7i2.62119
https://doi.org/10.1090/S0025-5718-06-01916-8
https://doi.org/10.1090/S0025-5718-06-01916-8
https://arxiv.org/abs/1402.5551
https://www.combinatorics.org/ojs/index.php/eljc/article/view/v13i1r1
https://www.combinatorics.org/ojs/index.php/eljc/article/view/v13i1r1
https://arxiv.org/abs/2606.26133
https://arxiv.org/abs/2606.26133
https://link.springer.com/book/10.1007/978-1-4612-0897-6
https://link.springer.com/book/10.1007/978-1-4612-0897-6
https://arxiv.org/abs/math/0602183
https://doi.org/10.4064/sm-5-1-50-68

	Introduction
	Related work

	Möbius inversion
	Discrete Möbius calculus
	Taylor duality
	Faà di Bruno duality
	Iterated Faà di Bruno

	Polynomial Möbius calculus
	Taylor algebras
	Taylor–Möbius duality
	Faà di Bruno duality
	Iterated Faà di Bruno
	Faà di Bruno deformation

	Fréchet Möbius calculus
	Applications
	Self-enumeration
	Degree bound for polynomial maps
	Newton–Mahler composition
	Discrete jet composition
	Product rules

	Acknowledgements

